
45

JOURNAL OF THERMOPHYSICS AND HEAT TRANSFER

Vol. 11, No. 1, January– March 1997

Numerical Simulation of Supersonic, Chemically Reacting
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The thermal design of high-loaded components of combustion chambers represents a very dif� cult
engineering task. The aerodynamic and thermal analysis procedures currently available to designers do
not allow an a priori design without expensive experimental development iterations. Numerical simula-
tions are one possibility for reducing the experimental effort. On the one hand, codes exist for the sim-
ulation of chemically reacting � ows; on the other hand, few codes exist for the coupled simulation of � uid
� ow and heat transfer in solid bodies. A numerical procedure for the calculation of chemically reacting
� ow with conjugate heat transfer in the subsonic and supersonic � ow regime is presented. The numerical
scheme works on the basis of an implicit � nite volume method. The formulation of the governing equa-
tions in arbitrary coordinates and the use of a multiblock technique even allows the simulation of complex
geometries. The code is tested using experimental data for the injection of cooling gas into a hot gas
stream. The results for two different reaction schemes, a one-step global reaction scheme and a scheme
involving 17 elementary reactions and nine species, demonstrate the potential of the method. Furthermore,
the code is applied to the injection of hydrogen into an exhaust gas stream with the scope of � lm cooling
with conjugate heat transfer. This approach gives more realistic results than the use of adiabatic walls.

Nomenclature
A = frequency factor, mole, cm3, s, K
A, B, C = Jacobian matrices
D = diffusion coef� cient, m2/s
E = activation energy, kJ/mole
E, F, G = � uxes
e = internal energy, kJ/kg
h = enthalpy, kJ/kg
J = cell volume, m3

k = reaction rates, mole, cm3, s
M = blowing ratio
M = molecular weight, g/mole
n = temperature exponent
p = pressure, Pa
Q = source term
q = heat � ux vector
R = universal gas constant, J/mole/K
S = source terms
T = temperature, K
t = time, s
U = vector of conservative variables
u, v, w = Cartesian velocity components, m/s
x, y, z = Cartesian coordinates, m
Y = mass fraction

= ratio of speci� c heats
= cooling effectiveness

, , = arbitrary coordinates
= heat conductivity, W/m/K
= stoichiometric coef� cients
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= density, kg/m3

= components of Reynolds stresses, N/m2

Subscripts
for = formation
i = species
mix = mixture
r = real
s = sensible

= freestream

Superscripts
n = time level
T = transposed

Introduction

T HE thermal design of high-loaded components of com-
bustion chambers is a very dif� cult engineering task. The

aerodynamic and thermal analysis procedures currently avail-
able to designers do not allow an a priori design without ex-
pensive experimental development iterations. Numerical sim-
ulations are one way to reduce the experimental effort. Codes
exist for the simulation of chemically reacting � ows using
semi-implicit � nite difference1 or � nite volume methods,2,3 or
fully implicit � nite volume methods.4,5 Only a few examples
of this can be given. On the other hand, few codes exist for
the coupled simulation of � uid � ow and heat transfer in solid
bodies. NASA Langley Research Center developed a � nite el-
ement code for the coupled � uid– thermal– structural analy-
sis.6,7 Heselhaus et al.,8 and Heselhaus and Vogel,9 coupled a
� nite volume code for � uid � ow with a � nite element code
for heat transfer.

This article presents a numerical procedure for the coupled
simulation of chemically reacting � ow and heat transfer in
solid bodies in just one code. The code is validated for the
mixing of two species with � lm cooling of a � at plate and
hydrogen combustion before it is applied to the simulation of
hydrogen injection into an exhaust stream with the scope of
� lm cooling. These examples show the potential of the code
for the thermal design of high-loaded components.
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Governing Equations
The governing equations for the conservative variables in

arbitrary, body-� tted coordinates , , and with the � uxes in
normal directions to the cell faces, for which , , and are
constant, read for the � uid � ow with additional species con-
servation equations:

U E F G = S (1)t

with

TU = J ( , u, v, w, e, Y ) (2)i

˜ ˜ ˜E = J (E F G ) (3)x y z

u
2u xx

uv xy

Ẽ = uw (4)xz

( e )u v w qxx xy xz x

Yi
uY Di i

x

TS = J (0, 0, 0, 0, 0, W ) (5)i

The � uxes F and G are obtained analogously. q contains not
only the Fourier heat � ux, but also the enthalpy transport by
the species:

N

Tq = (q , q , q ) = T h D Y (6)x y z i i,mix i
i=0

The expressions x, . . . are the metrics, which result from the
coordinate transformation. The internal energy includes the
heat of formation:

TN
p 1 2 2 2e = Y h c dT (u v w )i i,for pi

2i=0 Tref

(7)

For the calculation of the heat capacity and the enthalpy, data
from Sandia10 are used. The source term Wi for the chemical
kinetics for every species is given by

N N r,1r Y1
W = M ( ) ki i r,i r,i f,r

M1r=1 1=0

N r,1

Y1
k (8)b,r

M11=0

kf,r and kb,r are the reaction rates in Arrhenius form for the
forward and backward reactions:

n E /R Tr rk = A T e (9)r r

Mi is the molecular weight of species i. For the evaluation of
the reaction rates, the average temperature is used.

Mathematical Model
Making use of a Newton method leads to the following ap-

proximation of the conservation equations in implicit form:

U n n n(A U ) (B U ) (C U )
t

n n n n n(H U ) = (E F G ) S (10)

where A, B, and C are the Jacobians of the � uxes E, F, and
G, and H is the Jacobian of S. The solution vector U n 1 at the
new time level can be obtained by adding U to the old solu-
tion U n.

An upwind discretization is used for the inviscid � uxes.
With respect to numerical diffusion, Godunov-type � ux dif-
ferencing is employed.11 To achieve a third-order accuracy,
Van Leer’s MUSCL technique is used.12 Since this Godunov
� ux is not suf� ciently diffusive to guarantee stability in regions
with complex � ow phenomena, it is combined with a modi� ed
Steger– Warming � ux (� ux vector splitting). 13 To be able to
use the old Riemann solver14,15 developed for pure � ow prob-
lems, a new energy is de� ned16:

N 2 2 2p (u v w )
( e) = ( Y ) h (11)new i i,for

1 2i=0

Using the equivalent 4

= h /e (12)sm sm

with the sensible enthalpy hsm of the mixture and the sensible
internal energy esm (excluding the kinetic energy and heat of
formation), the old internal energy can be rewritten as follows:

1 1
( e) = ( e) Q = ( e) p (13)old new new

1 1old

Inserting this into the energy equation (here, for the sake of
simplicity, only the inviscid equation in Cartesian coordinates),
and putting Q as a source term on the right-hand side yields

( e ) (Q) [u (p e )] [v ( p e )]new t t new x new y

[w (p e )] = [(u Q) (v Q) (w Q) ]new z x y z

(14)

Because only a steady-state solution is calculated, the time-
dependence of Q is neglected. This approach has the advantage
that the old Riemann solver for the � ow problem only has to
be modi� ed slightly, the pressure can always be calculated
directly from the conservative � ow variables, and the temper-
ature can be obtained from the pressure using the ideal gas
law without further iteration processes. The ratio is calcu-
lated at each iteration within the subroutines for the transport
coef� cients.

The viscous � uxes are approximated using central differ-
ences. The solution of the resulting system of linear equations
is solved by a Gauss– Seidel point iteration scheme allowing
high vectorization on present-day computers. The closure of
the Favre-averaged equations is provided by the algebraic
eddy– viscosity turbulence model by Baldwin and Lomax.17

The equations have the same structure as the Reynolds-aver-
aged equations for incompressible � ow, and the turbulence
model can be implemented by the usual Boussinesq approxi-
mation.

The properties of the pure species are determined on the
basis of a � t of the collision integrals.18,19 The transport coef-
� cients of the mixture are calculated using various models. The
mixture viscosity is determined by a modi� ed Hirschfelder for-
mulation, the mixture heat conductivity is calculated according
to Hirschfelder, and the well-known model described in the
Sandia National Laboratories report10 is used for the diffusiv-
ity. The effective transport coef� cients are determined using
constant turbulent Prandtl and Schmidt numbers of 0.9. The
transport coef� cients must be accurately determined because
the wall is resolved down to the viscous sublayer for the cou-
pling procedure.

For the coupled simulations with heat transfer in solid bod-
ies, blocks can be de� ned as solid-body blocks. Then, only the
Fourier equation is solved in these blocks. The coupling of
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Fig. 1 Conditions at the cell face between � uid � ow and solid
body.

Fig. 5 Geometry for the Burrows and Kurkov24 experiment.

Fig. 4 Comparison between experimental data and numerical
results for the � lm cooling of a � at plate with helium (Ma = 0.87,
M = 0.38, and Re = 2.73E 05).

Fig. 3 Computational grid.

Fig. 2 High-enthalpy wind tunnel.

� uid blocks and solid-body blocks is achieved via a common
wall temperature, resulting from the equality of the local heat
� uxes passing the contacting cell faces (Fig. 1). This allows a
combined simulation in just one code, without any further it-
eration processes. This coupling procedure has already been
widely tested in turbomachinery � ow.20,21

Results
Mixing of Two Species

As a test case for the mixing of two species, experimental
data from � lm-cooling experiments on a � at plate were used
where a coolant was injected into a hot gas stream through a
slot.22 Figure 2 shows the experimental setup in the high-en-
thalpy wind tunnel. The temperature and Mach number of the
hot gas were varied in ranges from 1500 to 3000 K and 0.5
to 1.0, respectively. Air, helium, and argon were used as cool-
ants. The heat � ux in the wall of the � at plate was measured
by pairs of thermocouples. The heat transfer through the non-
adiabatic wall was taken into account by the code by means
of a fully coupled simulation of � uid � ow and nonadiabatic
walls, as explained earlier. Figure 3 shows the computational
grid for this test case. It consists of four blocks, two for the
� uid � ow and two for the solid bodies, with a total of 3639
grid points. The � rst cell center at the wall is located at a y
of about unity. This value is also used for the grids in the
following test cases. Because this value is suf� cient to guar-
antee good resolution of the boundary layer, no grid conver-
gence study was performed. The other cells are distributed
according to a geometric series.

Figure 4 shows a comparison between experimental data and
numerical results for the temperature distribution on the top
side of the � at plate downstream of the slot, which is located
at x/L = 0.14. The measured, linearized temperature at the bot-
tom side of the plate was used as a boundary condition for the
calculations. The numerical results (at the top side) show the
same tendency as the experimental data. The temperature is

underestimated by about 5%. A reason for this may be the
neglect of thermodiffusion, which becomes important at large
temperature gradients and large differences in the molecular
weight. Another reason may be the constant turbulent Schmidt
number of 0.9 for the determination of the turbulent parts of
the diffusivities. Libby and Williams23 observed that for binary
mixtures of gases with large differences in molar weight, the
turbulent Schmidt number may be as low as 0.25. A higher
diffusivity would result in a better mixing of cold and hot gas
and, therefore, in a higher surface temperature. This effect is
explained in further detail in the next section. However, the
results can be regarded as suf� ciently accurate, considering the
measuring accuracy of 10%.

Hydrogen Combustion

For testing combustion, the hydrogen combustion experi-
ment by Burrows and Kurkov24 is simulated. The geometry of
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Fig. 6 Mole fraction pro� les of H2, N2, and H2O at x = 0.356 m.

Fig. 7 Isolines of the pressure without combustion.

Table 2 Reaction scheme

Number Reaction B, mol, cm3, s n E, kJ/mol

H2/O2 chain reaction

1f O2 H ® OH O 2.000E 14 0.00 70.30
1b OH O ® O2 H 1.568E 13 0.00 3.52
2f H2 O ® OH H 5.060E 04 2.67 26.30
2b OH H ® H2 O 2.222E 04 2.67 18.29
3f H2 OH ® H2O H 1.000E 08 1.60 13.80
3b H2O H ® H2 OH 4.312E 08 1.60 76.46
4f OH OH ® H2O O 1.500E 09 1.14 0.42
4b H2O O ® OH OH 1.473E 10 1.14 71.09

HO2 consumption and formation

5f O2 H M ® HO2 M a 2.300E 18 0.80 0.00
5b HO2 M ® O2 H M a 3.190E 18 0.80 195.39
6 HO2 H ® OH OH 1.500E 14 0.00 4.20
7 HO2 H ® H2 O2 2.500E 13 0.00 2.90
8 HO2 OH ® H2O O2 6.000E 13 0.00 0.00
9 HO2 H ® H2O O 3.000E 13 0.00 7.20
10 HO2 O ® OH O2 1.800E 13 0.00 1.70

H2O2 formation and consumption

11 HO2 HO2 ® H2O2 O2 2.500E 11 0.00 5.20
12f OH OH M ® H2O2 M a 3.250E 22 2.00 0.00
12b H2O2 M ® OH OH M a 1.692E 24 2.00 202.29
13 H2O2 H ® H2O OH 1.000E 13 0.00 15.00
14f H2O2 H ® H2 HO2 1.700E 12 0.00 15.70
14b H2 HO2 ® H2O2 H 1.150E 12 0.00 80.88

Recombination reactions

15 H H M ® H2 M a 1.800E 18 1.00 0.00
16 OH H M ® H2O M a 2.200E 22 2.00 0.00
17 O O M ® O2 M a 2.900E 17 1.00 0.00
aNote: with M = 6.5[H2O] 0.4[O2] 0.4[N2] 1.0[other].

Table 1 Boundary conditions for the Burrows
and Kurkov24 experiment

Without combustion

Mainstream Injection

With combustion

Mainstream Injection

p, bar 1.0 1.0 1.0 1.0
T, K 1150 254 1270 254
Ma 2.44 1.0 2.44 1.0
YH2

0.001 1.0 0.0 1.0
YN2

0.766 0.0 0.486 0.0
YO2

0.0 0.0 0.258 0.0
YHO2

0.233 0.0 0.256 0.0
—— —— 0.27 ——

the experiment is shown in Fig. 5. Hydrogen is injected son-
ically parallel to the wall into a supersonic airstream. The ex-
periments were performed with and without combustion. The
boundary conditions for the two test cases are listed in Table
1. A grid with two blocks and a total number of 6064 grid
points is used for the numerical simulation.

Figure 6 shows the results for the mole fraction distribution
at the exit plane of the channel for both the experiments and
calculations. The y coordinate starts at the channel wall and is
perpendicular to the x coordinate. The measurement accuracy
is 2.5%; the measurements only varied over a wider range
from run to run in the reaction zone. Results for two different
turbulent Schmidt numbers are shown. The solid lines repre-
sent the calculations with Sct = 0.9, and the dashed lines rep-
resent the calculations with Sct = 0.25. The overall agreement
between experiments and calculations is quite satisfactory. In
the vicinity of the wall, the lower Schmidt number gives the
better results. As already mentioned, better mixing between the
two jets takes place. More gas from the outer � ow penetrates
into the hydrogen stream. Figure 7 shows the corre-
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Fig. 11 Calculated mole fraction pro� les of H, OH, and O at
x = 0.356 m.

Fig. 10 Mole fraction pro� les of N2 and O2 at x = 0.356 m.

Fig. 9 Mole fraction pro� les of H2 and H2O at x = 0.356 m.

Fig. 8 Total temperature pro� le at x = 0.356 m.

sponding pressure distribution. An expansion fan occurs at the
injection step, followed by a shock wave. Because of the lim-
ited resolution of the grid in the middle of the channel, the
pressure isolines are not perfectly smooth.

Two different reaction schemes were used for the simulation
of the combustion. The � rst consists of one global reaction
involving the four species: 1) hydrogen, 2) oxygen, 3) nitro-
gen, and 4) water. The reaction scheme is given by

2H O ® 2H O2 2 2

The activation energy was set to zero and the frequency
factor was assumed to be very high [B = 1018 cm3/(mol s)].
The second consists of 17 elementary reactions with nine spe-
cies (H, O, OH, H2O, HO2, H2, O2, H2O2, and N2).

25 This re-
action scheme is given in Table 2, where B denotes the fre-
quency factor. Nitrogen is always considered as an inert
species. Thus, three or eight additional species conservation
equations have to be solved. Because the numerical scheme is
implicit, matrices have to be solved. Thus, the number of equa-
tions quadratically in� uences the computational effort (CPU
time and memory requirements). The complex reaction scheme
is about four times slower than the single-step global model
and needs about four weeks’ computational time on an HP
715 workstation. The memory requirements for this model
are about 6.3 Mbyte/1000 grid points. About 10,000 itera-
tions were necessary to reach convergence with Courant–
Friedrichs– Lewy numbers in the range between 5– 10. The
residual drop was usually on the order of four orders of mag-

nitude. Furthermore, it was checked that the pro� les did not
change any more after 1000 additional iterations to ensure con-
vergence.

Figures 8– 10 show the pro� les of the total temperature and
four species H2, O2, N2, and H2O at the exit of the channel at
x = 356 mm for the two reaction schemes. Comparison of the
experimental data and the numerical results demonstrates the
performance of the model. Only the temperature pro� le is
shifted slightly toward the middle of the channel. The differ-
ence in the temperature peak between the two reaction
schemes is because of the formation of the radicals, especially
the H radical with its extremely high reference enthalpy. Figure
11 shows the mole fractions of the radicals H, OH, and O at
the exit plane. Furthermore, small differences may be because
of the fact that the one-step model does not include an ignition
delay time. These differences are expected to increase with
decreasing temperatures, because the ignition delay time in-
creases.

There may be several reasons for the difference in the tem-
perature and hydrogen mole fraction in the vicinity of the wall.
Because of the probe diameter of 1 cm, experimental errors
for the determination of the temperature close to the wall may
not be ruled out. Another reason may be that the numerical
method underestimates the diffusivity of the various species,
as already mentioned. Nevertheless, the agreement between the
experimental and numerical results for the mole fractions is
quite satisfactory.
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Fig. 12 Temperature distribution in the � ow and wall regions.

Fig. 13 Temperature pro� les at different positions normal to the
surface.

Fig. 14 Cooling effectiveness with adiabatic and nonadiabatic
walls.

Film Cooling

Further simulations were performed to investigate the cool-
ing effectiveness in a � lm-cooled nozzle, when hydrogen is
injected parallel to an exhaust stream as a coolant. The exhaust
stream has a temperature of 2000 K, a fuel-to-air ratio of 0.77,
and a freestream velocity of 600 m/s, corresponding to a Mach
number of 0.65. The injection temperature is 300 K. Because
of the remaining oxygen in the exhaust � ow, reaction of the
oxygen with the hydrogen is to be expected. The simulations
were performed with the global reaction scheme described ear-
lier. To investigate the in� uence of nonadiabatic walls, the cal-
culations were conducted with and without the solid-body
block. In the � rst case, a constant temperature of 300 K was
assumed on the lower side of the wall. This can be considered
as convection cooling on the lower side.

Figure 12 shows the arrangement of the case and isolines
of temperature in the case with a nonadiabatic wall. Because
it is dif� cult to discern the temperature differences caused by
the large gradients, temperature pro� les are taken in the three
sections A, B, and C. They are displayed in Fig. 13. It can be
seen that the temperature gradient is quite small in the wall. It
increases further downstream because of the higher heat con-
duction into the wall. Then, a steep gradient follows the tem-
perature of the coolant. In the region of the coolant, the tem-
perature gradient is again small, but then the temperature
increases very rapidly in all three cases. The maximum tem-
perature of about 2180 K is caused by the reactions taking
place between hydrogen and oxygen. Finally, the freestream
temperature is reached in the outer region. It can be observed
that the gradient between coolant and main � ow becomes less
steep further downstream because of mixing and heat transfer,
and that the maximum temperature is shifted upwards.

Figure 14 shows a comparison of the cooling effectiveness
in the case with and without nonadiabatic walls. The cooling
effectiveness is de� ned by

= (T T )/(T T ) (15)c c

where T is the temperature on the wall, and Tc is the temper-
ature of the coolant. It can be seen that in the � rst 20% of the
channel the cooling effectiveness is nearly equal to 100%, be-
cause the in� uence of the combustion has not reached the wall
by means of heat transfer and mixing. But then a rapid de-
crease can be observed in both cases. While the cooling effec-
tiveness reaches a constant value of about 95% in the case of
the nonadiabatic wall, in the other case the effectiveness still
decreases. Thus, a nonadiabatic wall with a constant temper-
ature on the lower side signi� cantly increases the cooling ef-
fectiveness of a � lm-cooled nozzle wall. It is surprising that
even in spite of the reactions taking place between hydrogen
and oxygen, the cooling effectiveness remains quite high, even
far downstream of the injection slot. This may be because of
the low mixing in the case of parallel injection. In the case of
inclined injection, more rapid mixing and, thus, a decrease in
cooling effectiveness is to be expected. At this point a more
advanced turbulence model is desirable.

Conclusions
The extension of a numerical scheme for supersonic � ows

is presented in this paper; the scheme was originally developed
for an ideal, nonreacting gas. It could be shown that the
method employed for the modeling of the real-gas effects
based on the equivalent ratio of speci� c heats also gives rea-
sonable results for the mixing of different gases and for the
supersonic combustion in a divergent channel. Furthermore,
two different reaction models were employed for the simula-
tion of the combustion. It could be shown that a simple model
performs quite well, but that a more complex model including
radicals is required to give more accurate results.

Investigations of a hydrogen � lm-cooled nozzle wall with
parallel injection into an exhaust gas stream revealed that the
cooling effectiveness remains quite high, even far downstream
of the injection slot. The coupled calculations of � uid � ow and
nonadiabatic walls showed that the cooling effectiveness can
be increased signi� cantly by considering a nonadiabatic wall
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with a constant temperature on the lower side. This approach
to the simulation of convection- and � lm-cooled nozzle walls
is very promising and gives more realistic temperature distri-
butions than the assumption of adiabatic walls. Future work
will concentrate on implementing two-equation turbulence
models and more advanced coupling of turbulence and com-
bustion.
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